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Two-dimensional  i soparamet r i c  finite e lements  are  used to solve problems of heat and mass  
t r ans fe r  in porous bodies. A compar ison  of the numerical  calculations with the analytic solu- 
tions of one-dimensional  problems shows a very  good agreement .  

Using thermodynamics  of i r revers ib le  p rocesses ,  Lykov [1] obtained the wide lyaceep tedmathemat i -  
cal model of heat and mass  t r ans fe r  in cap i l l a ry-porous  bodies. The analytic solution of the corresponding 
sys tem of part ial  differential  equations is connected with considerable mathematical  difficulties. T h e r e -  
fore,  we know only a fe~r solutions, f i r s t  and foremost  for  one-dimensional  problems - problems with 
boundary conditions not depending on time and with constant coefficients [2, 3]. 

Fini te-di f ference methods [1, 4, 5] are  widely used in engineering problems.  In this paper  another 
possible approach to numerical  analysis  is proposed; it is based on the f ini te-element  method. The dis-  
c re t iza t ion  obtained by this has considerable  advantages for multidimensional problems in regions with 
complicated geomet ry  or  in ca se s  with nonconstant physical proper t ies  of the mater ia ls .  

The f ini te-e lement  method was applied to a problem of nonstat ionary heat conduction for the f i rs t  
t ime in [6], wh i l ece r t a in  calculation schemes  are  given in [7]. 

Mutually connected e lec t r ica l  and hydrodynamic fluxes are  studied in [8], and, subsequently, the finite- 
e lement  method is applied to e lec t roosmot ic  flows in soils in [9]. However, the boundary conditions of the 
problems in [8] and [9] essent ia l ly  differ  from those considered in the present  work. 

The connected problems of heat and mass  exchange in the case of convective boundary conditions 
lead, in the case of finite e lements ,  to sys t ems  of a lgebraic  equations with asymmet r ic  ma t r i ces .  Since 
this is undesirable,  in the investigation we propose such dimensionless  pa ramete r s  which lead to sys t ems  
with symmet r i c  ma t r i ces .  

The distr ibution of t empera ture  and moisture  in each zone ~e of a moist  body ~ can be descr ibed by 
the Lykov sys tem [3]: 

Ot _ ~ { O~t 02t , 02t ~ , Ou 
ocq a~ \--07~ + - - T  oF-z~ - ~ o c ~  --,a~ (1) 

pc~ & Ox ~ § - - +  ~- ~m - -  ~- , (2) Oy ~ ~ z  ~ ] Ox ~ Oy 2 Oz ~ 

where t and u are  potentials of heat and mass  t rans fe r ,  while the constants p, Cq, c m, kq, k m, e, and 6 are  
taken as constant and equal to the mean values,  respect ively,  in each zone ~e. 
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The gene ra l  boundary  condi t ions  for  the s y s t e m  a r e  as  fol lows:  

t = l w on surface Y 1, (3) 

~qVln ~- ]q @ Ot, q (t --ta) 4- (1--8) rO~ m (U --/2a) = 0 Oil surface F~, (4) 

U'= uwon surface F3, (5) 

~mV un + ira+ kmSvtn + am ( u -  u~) -- 0 on surface Fa, (6) 

where  t w, Uw, ta, u a, jq, Jm, aq, and ~m a r e  pos i t ive  funct ions  of  t ime  speci f ied  on the boundary ,  

Equa t ions  (1)-(6) can be wr i t t en  in d i m e n s i o n l e s s  f o r m  a s  a s y s t e m  of mutua l ly  coupled equat ions  of 
the pa rabo l i c  type:  

aT 
Cq O0 =Lq  

OU 
C m - -  = L~ 

ao 

O~T O2T 
a x  2 OY" 

F O2T ~ (" a w  + a w  : a w  } (7) 
- ) + L,, az - T ,  ' 

, O~T ~ ( aw aw a w  '1 
- - T ~ T I + L m  ~ + 

, OX ~ ay~ o z  ~ / '  (8)  

02T O~T 

OX 2 Oy 2 

which sa t i s fy  the boundary  condi t ions  

�9 OT 
Lq \ ( ' ~ -  7x r" 

" OU OU OU 
Lm ( ~ 7.~ + OY ?'j-z OZ 

* and J~  a r e  given by the fol lowing e x p r e s s i o n s :  where  Jq 

T = T w on surface/'1, (9) 

OT OT ) 
OY 7,j + OZ ~,~ __d* =0onsurfaeeF~, (10) 

U = U~ on surface F~, _ (11) 

' * r,, ( 1 2 )  - - -  7z ~-Y~=0onsurface 

J~ = Aq (T - -  To) -v A~ (U - -  U~) + Jq, 

* E Jm = A6(T- -T~)  -- Am(U--U~) -r- Jm" 

(13) 

(14) 

In the e x p r e s s i o n s  (7)-(14), T = t / t a ,  U = U/Ua,  0 = "r/%, X = x / l ,  Y = y / l ,  Z = z / 1  a r e  d i m e n s i o n l e s s  
quant i t ies ,  C a re  g e n e r a l i z e d  capac i t i e s ,  and L, A, and J*  can be unders tood ,  r e spec t ive ly ,  as  gene ra l i z e d  
coef f ic ien t s  of t r a n s f e r  and spec i f ic  f lows.  

By means  of an appropr i a t e  def ini t ion of  the gene ra l i z ed  coef f ic ien ts  we can  a lways  ensu re  fu l f i l lment  
of the condit ion 

thus making  the s y s t e m  of Eqs .  (7)-(8) s y m m e t r i c .  

With this  a im,  taking 

f r o m  Eqs .  (1)-(6) we have 

L~ ~ L~, (15) 

L~ ~ L~ = 8f),m6,lkq, (16) 

Lq= (- k~ + erkm6 ) , ~ - !  Lm= 
kq . ' kqta :' 

A q  = 

kqta ") ' 

\ 
), 

(17) 
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The d i m e n s i o n l e s s  quan t i t i es  obtained by us ins igni f icant ly  d i f fer  f r o m  those  in t roduced  by Lykov [3]. 
Such a f o r m  p rov ides  a c e r t a i n  amount  of f r e e d o m  in the de sc r i p t i on  of the p rob lem when the p r o p e r t i e s  of 
the m a t e r i a l  depend on spat ia l  v a r i a b l e s .  

The unknown funct ions  T and U can be app rox ima ted  fo r  a c e r t a i n  6 in the en t i re  domain  of def ini t ion 
as  fo l lows:  

/z 

r~= Z N~(X, Y, Z) T ~ ( O ) = N T  (18) 

and 
k 

U =  ~ N~(X, Y, Z) Ur (O)=NU,  (19) 

where  N r a r e  func t ions  that  a r e  smooth  on e l e m e n t s  and a re  p iecewise  smoo th  in the en t i r e  reg ion ,  while 
T r (or T) and U r (or U) a re  p a r a m e t e r s  of the nodes  [5]. 

We obtained by the Ga le rk in  method  d e s c r i b e d  in [8] a s y s t e m  of equat ions  re la t ive  to k va lues  of T r 
and k va lues  of U r .  F o r  the point  r the in t eg ra l s ,  on the reg ion  ~2, of the p roduc t  of the weight ing funct ion 
N r with the e x p r e s s i o n s  obtained by subst i tu t ing (18) and (19) into Eqs .  (7) and (8) a r e  ze ro :  

�9 N~" q c~X~-~ OY ~ + OZ "2 + L ~  OX 2 ~ + OZ 2 - - C q  ~0-- d~=0, (20) 
f l  

O2T .z O~'T ' 02T 02U O~'U c?2U - - C ~  dr2. = 0. (21) 
N~ t.~ c~X~ ~- OY ~ - : -  OZ ~ + Ln, ~ . OX 2 og  2 ~ OZ 2 ~ -  

P. 

Equat ions  (20) and (21) a r e  t r a n s f o r m e d  a c c o r d i n g  to G r e e n ' s  e x p r e s s i o n s  and in m a t r i x  fo rm a r e  

L r  ~,- C~  @ J = 0, (22) 

where  L and C a re  s y m m e t r i c  2k x 2k m a t r i c e s  

Lq L~ 
L = L6 L ~ '  

while �9 and J a r e  v e c t o r s  with 2k c o m p o n e n t s ,  

q5 = [T, U1 r, 

c=[Cq o i 
0 C.~ l ' (23) 

j = [ j q ,  j~lr. (24) 

The dot  in (22) denotes  d i f f e ren t i a t ion  with r e s p e c t  to t ime.  

We p r e s e n t  the va lues  of the m a t r i x  e l e m e n t s :  

(Lrs)q = "51, Lq ON ON ~ OY " " - -  
.qe 

dfL (25) 
OY OZ OZ ] 

J 

(26) (Cr~)q = E S CqNrNsd~' 
~ e  

r e 

Lq , 
l-e 

(27) 

(28) 

The e l e m e n t s  (Lrs)  e, (L r s )5 ,  and (Lrs}mOf  the m a t r i c e s  Le, L 6 ,  and L m a r e  obtained f r o m  (25) by the 
r e s p e c t i v e  subs t i tu t ion  of  the index q by e, 5, and m, while the e l e m e n t s  (Crs)m of the m a t r i x  C m a r e  ob-  
tained f r o m  (26) by subs t i tu t ion  of the index q by m.  

In the e x p r e s s i o n s  ~2e du r ing  s u m m a t i o n  we take into accoun t  the cont r ibu t ion  of each  e lement ;  ~2 e is 
the reg ion  of  each  e lement ,  while F e r e f e r s  only to e l e m e n t s  hav ing  an ou t e r  boundary  on which the cond i -  
t ions  (9)-(12) a r e  speci f ied .  
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It should  be noted tha t  Eqs .  (22) a r e  not  l i n e a r ,  s i nce  the g e n e r a l i z e d  f lows J*~ and J* do not depend  
on the v a l u e s  of the  p o t e n t i a l s  at  the b o u n d a r y  nodes .  We note tha t  t h i s  n o n l i n e a r i t ~  i s  s l i gh t ,  s i n c e  it a p -  
p e a r s  only  in the  v e c t o r  J .  

To so lve  the p r o b l e m  g iven  by Eqs .  (22), d i s c r e t e  with r e s p e c t  to s p a c e ,  we use  a d i f f e r e n c e  s c h e m e  
tha t  is  t h r e e - l a y e r e d  with r e s p e c t  to t i m e :  

L o (C/)O+A0 . -  r r @ C O (r __ ~b0--A0 )/(250) @ J~  (29) 

A f t e r  c e r t a i n  a l g e b r a i c  t r a n s f o r m a t i o n s  we ob ta in  the fo l lowing e x p r e s s i o n  f o r  s u c c e s s i v e  e o m p u t a -  
t ion:  

q)o+ao = __ [LO/3 _? Co/(2A0)]-1 [Lo qSe/3@L o qSe-Ao./3._CO q5o-~o/(20 ) -I- ]el. (30) 

S ince  only  the c e n t r a l  v a l u e s  of the  m a t r i c e s  L ,  C, a n d J  t ake  p a r t  in the e x p r e s s i o n s  (29) and (30), at  the 
po in t  r we can  avoid  i t e r a t i o n s  f o r  f ind ing  4~ in each  l a y e r ,  but in the c a l c u l a t i o n  of the  m a t r i c e s  L and C in 
the g iven  c a s e  th is  fac t  y i e l d s  no s p e c i a l  a d v a n t a g e s .  

To so lve  the p r o b l e m  it  i s  ye t  n e c e s s a r y  to know the v a l u e s  of the v e c t o r  in the  f i r s t  two l a y e r s .  
S ince  we a s s u m e  that  we have  s t a t i o n a r y  c o n d i t i o n s ,  n e c e s s a r y  v a l u e s  can  e a s i l y  be s p e c i f i e d .  

The g iven  me thod  is  f a i r l y  g e n e r a l  and a p p l i c a b l e  fo r  a r b i t r a r y  d i s c r e t i z a t i o n  of m u l t i d i m e n s i o n a l  
f i n i t e - e l e m e n t  p r o b l e m s .  H o w e v e r ,  in ou r  i n v e s t i g a t i o n s  we use  a t w o - d i m e n s i o n a l  m o d e l  to e s t a b l i s h  the  
s u i t a b i l i t y  of the method  fo r  so lv ing  c o n c r e t e  p r o b l e m s .  

The p r o g r a m  r e a l i z i n g  the a l g o r i t h m  j u s t  d e s c r i b e d  is w r i t t e n  in F O R T R A N  IV s i m i l a r l y  to the p r o -  
g r a m s  found in [7]. 

The i s o p a r a m e t r i c  e l e m e n t s  a r e  used  f o r  r e g i o n s  of v a r i o u s  shape  and they  enab l e  us to " c a t ch"  a 
q u a d r a t i c  v a r i a t i o n  of  the  p o t e n t i a l s  a long  the e d g e s  of  an e l e m e n t ,  and a p a r a b o l i c  f o r m  of  a b o u n d a r y .  
E a c h  e l e m e n t  is  bound with e igh t  d e g r e e s  of f r e e d o m  (nodes i n o n e  e l e m e n t ) •  2 (va lues  of the p o t e n t i a l s  a t  the 
node) .  The i n t e g r a l s  (25)-(28) a r e  c o m p u t e d  a p p r o x i m a t e l y .  The c o m p l e t e  t h e o r y  of t h e s e  o p e r a t i o n s  can  
be found in [7]. 

Thus ,  the m a t r i c e s  L and C f o r  e ach  e l e m e n t  a r e  c a l c u l a t e d  and a r e  r e c o r d e d  onto a m a g n e t i c  t ape .  
The p r o g r a m  f o r  the so lu t ion ,  based  on the e l i m i n a t i o n  me thod  of G a u s s ,  is  t r a n s f o r m e d  on the m a g n e t i c  
t ape  f o r  L e and c e ;  i t  f o r m s  the m a t r i c e s  L and C and s o l v e s  the s y s t e m  of a l g e b r a i c  equa t ions  fo r  the  un-  
known v a l u e s  of the p o t e n t i a l s .  

When the m a t r i c e s  L and C do not  depend  on t i m e ,  we can  e c o n o m i z e  the c o m p u t a t i o n s  in each  l a y e r  
of the i n v e r s e  m a t r i x :  

ILl3 _ C/(2A0)] -1, 

which,  a c c o r d i n g  to the e x p r e s s i o n  (30), i s  m u l t i p l i e d  by the v a r i a b l e  v e c t o r  

[LqSO/3 _!_ LOO-ao/3 __ coo-~o/(2AO) + jo]. 

The f inal  r e s u l t s  a r e  the p o t e n t i a l s  of h e a t  and m a s s  t r a n s f e r  T and U a t  each  l a y e r  f o r  each  t i m e  in-  
t e r v a l .  If so d e s i r e d ,  they  can be r e c o r d e d  on the m a g n e t i c  t ape  and l a t e r  used  f o r  the a n a l y s i s  of the 
s t r e s s e s  c a u s e d  by t e m p e r a t u r e  and m o i s t u r e  g r a d i e n t s .  

In the  debugg ing  of the p r o g r a m  the r e s u l t s  w e r e  c o m p a r e d  with the a n a l y t i c  s o l u t i o n s  f r o m  [3] fo r  a 
s i ng i e  o n e - d i m e n s i o n a l  p r o b l e m .  In the  f i r s t  e x a m p l e  a p r o b l e m  i s  s o l v e d ,  c o n c e r n i n g  the v a r i a t i o n  of  the  
t e m p e r a t u r e  and m a s s  in a p la te ,  when the s u r f a c e  X = 0 is  i s o l a t e d ,  whi le  on the s u r f a c e  X = I convec t ive  
b o u n d a r y  c o n d i t i o n s  a r e  s p e c i f i e d .  The i n i t i a l  cond i t i ons  a r e  t a k e n  a s  c o n s t a n t  (T i = 0, U i = 0), as  a r e  the  
p o t e n t i a l s  of t r a n s f e r  of the su r r o u n d i n g  m e d i u m  (T a = 1, U a = 1). The  a n a l y t i c  so lu t i on  was  e a l c u i a t e d  by 
m e a n s  of the f i r s t  f ive  e i g e n v a l u e s  f o r  the c a s e  Ly = 0 . 3 ,  e = 0.5,  Ko = 1.2, Pn = 0.5,  Biq = 1.0, Bi m = 10.0, 
and 0 = 0.5,  1, 2, 4.  In the second  e x a m p l e  the s a m e  p r o b l e m  i s  c o n s i d e r e d ,  but with b o u n d a r y  cond i t i ons  
of the f i r s t  kind on the b o u n d a r y  X = 1, ob t a ined ,  if we a s s u m e  Biq = Bi m = 1000. 

We so lved  by the f i n i t e - e l e m e n t  m e t h o d  a t w o - d i m e n s i o n a l  p r o b l e m  that  e s s e n t i a l l y  d i f f e r s  f r o m  a 
o n e - d i m e n s i o n a l  p r o b I e m ,  s i n c e  the u p p e r  and l o w e r  b o u n d a r i e s  of the  r e c t a n g l e  unde r  c o n s i d e r a t i o n  we re  
s p e c i f i e d  as  noncondue t ive .  Even  f o r  the  r e l a t i v e l y  c o a r s e  d i v i s i o n  of the  r eg ion  into f ive  p a r a b o l i c  e l e -  
m e n t s  and in two e x a m p l e s  the d e v i a t i o n  of  the n u m e r i c a l  so lu t i on  f r o m  the a n a l y t i c a l  s o l u t i o n  i s  l e s s  than 
1~ 
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In this  approach ,  there  can be an a r b i t r a r y  law governing the in terac t ion  of the molecu les  with the 
su r f ace .  We r e s t r i c t  the p resen t  analys is  to the mos t  common approximat ion ,  according to which some of 
the molecu le s  a r e  ref lec ted  ina  specu l a r  manner ,  while the r e s t  a r e  ref lected in a diffuse manner :  

f+ (x = O, vi~, viu, v~) = (1 - -  q,) fT (x = O, - - v~ ,  viv, vi~ ) § q~fiM. (3) 

Here  qi is  the accommoda t ion  coeff icient  of component  i, and fiM is the dis tr ibut ion function of the ref lec ted  
molecu les ,  which is equal to the Maxwell dis tr ibut ion;  i .e . ,  

f~M = ni ~ ,  exp 2kT 

Below we use s u p e r s c r i p t  minus  and plus signs to denote the dis t r ibut ion functions of the incident 
and re f lec ted  molecu les ,  r e spec t ive ly .  

Obviously,  the wall a f fec ts  the veloci ty  dis t r ibut ion of the molecu les  ove r  only a finite range,  so that 
f a r  f rom the wall the dis t r ibut ion function conver t s  into the C h a p m a n - E n s k o g  volume dis t r ibut ion [3]. 
Also,  using conditions (1) and (3), we can wri te  the dis t r ibut ion function for  component  i, that is,  fi, in the 
following manner :  

fi----_[ o 1 - ~ - ~ -  v~vuio+ - - ~ - v l v  ~ x - -B~  \ - ~ - ]  c~qu I--~x +r x)} (i=I,  2), (4) 

(m)3, expl (m),2 
where B i a re  coeff ic ients  independent of ~ii- Equations for  B i a r e  given in [3]. 

In (4), we have 

(Di= I@?(~, x), c~<O (i= i, 2). 
tr ~), ~ > o  

We s e e k  the co r r ec t i on  ff~(~i, x) as an expansion in Sonin polynomials  in the cor responding  veloci ty  
space:  

ap~ (~, x) = a~ (x) c~u + a~ (x) c~=c~u (i = I, 2). 

The function e~i(~, x) is given by 

1 1 (a~i - -  a~) ciu sign q- 
,9~ (s x) = T (%+  ̀+ ~;') ~" + Y c,= 

1 1 
2 (af~-"-a]~)ci:~ci'J} 2 (a~--al-~)ci~cvjsignci~ ( i = 1 ,  2), 

where  
( 1, %:> O, 

sign % : =  i - - l ,  c i~<0.  

Fo r  the ave r age  veloci ty  of the molecu les  of component  i we eas i ly  find 

x +  1  i--1,27 (6) 

Assuming  

we subst i tute (4)-(6) into s y s t e m  (2). 

p (u~ -- u:) << i, 
PlUl + 92u~ 

Then mult iplying the cor responding  equations succes s ive ly  by 

(7) 

~ 2  "-~2 
c i c -. (l _-k_ sign ci~) e-  dc i ( i = l ,  2) ci~ (1 • signQx) e-  'dci; cz=ci~ I 
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The u n i v e r s a l i t y  of the  f i n i t e - e l e m e n t  me thod  a l l o w s  i t  to be used  in p r a c t i c e ,  e s p e c i a l l y  when we have 
to d e a l  wi th  c o m p l e x  r e g i o n s  and v a r i a b l e  p h y s i c a l  c h a r a c t e r i s t i c s .  

Biq = O~q 1/~q, Bi m = a m iAm 
Cq, c m 
Ko = Cmr (u i - Ua)/C q (ta-t i) 

Ly = (~m/0Cm)/(kq/0c q) 
n 

p n  = (t a -  t i ) / (u  i - u a )  
r 

t 
U 

X, y ,  Z 

~ ,  O~ m 

'/X' ~'y' ~'Z 

F 

X q, Am 

P 
T 

NOTATION 

are the heat and mass exchange criteria of Biot; 

are the specific heat and mass of the body; 
is the Kossovich criterion; specific fluxes of heat and mass per char- 
acteristic dimension of the body; 
is the Lykov criterion; 
is the outer normal of the surface of the body; 
is the Postov criterion; 
is the specific heat of phase conversion; 
is the temperature; 
is  the p o t e n t i a l  of  m a s s  t r a n s f e r ;  
a r e  the  s p a t i a l  c o o r d i n a t e s ;  
a r e  the  c o e f f i c i e n t s  of hea t  and m a s s  exchange ;  
a r e  the d i r e c t i o n  c o e f f i c i e n t s  of the o u t e r  n o r m a l  of the s u r f a c e  of the 
body;  
is  the s u r f a c e  of the body; 
a r e  the  c o e f f i c i e n t  of t h e r m a l  g r a d i e n t ,  c r i t e r i o n  of phase  t r a n s i t i o n ;  
a r e  the  c o e f f i c i e n t s  of t h e r m a l  and m a s s  conduc t iv i ty ;  
is  the r e g i o n  occup ied  by the body; 
is  the  d e n s i t y  of the m o i s t  body; 
is the t i m e .  

1o 

2. 
3. 

4. 

5. 

6. 

7. 
8. 
9. 
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